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ABSTRACT. For each of m and n a positive integer denote by S(m,i) the
space of all real-valued symmetric i-linear functions on E,,, i = 1, 2,...,n.
Denote by L a nonzero linear functional on S(m, n), denote by f a real-valued
analytic function on E,, X R X S(m, 1) X - -+ % S(m,[n/2]) and denote by a
a member of D(f). Denote by H the space of all real-valued functions U,
analytic at the origin of E,, so that a = (0, U(0), U(0), ..., UI2D(0)). For
U € H, fy(x) = f(x, U(x), U'(x), ..., UW2D(x)) for all x for which this is
defined. A one-parameter semigroup (nonlinear if f % 0) X on H is con-
structed so that if U € K, then K(A)U converges, as A — oo, to a solution Y
to the partial differential equation LY® = Jy. A resolvent J for this
semigroup is determined 50 that J(A)U also converges to Y as A — oo and so
that J(A/n)" U converges to K(\)U as n — c0. The solutions Y € H of
LY® = Jy are precisely the fixed points of the semigroup K.

1. Introduction. An iteration method for a class of nonlinear partial
differential equations was described in [5]. For a given partial differential
equation a transformation T was defined which has as its fixed points the
solutions to that equation. An iteration method based on T was given. To each
function U analytic at the origin of E,, a solution to the equation was obtained
by means of this iteration. In the present work T is modified slightly to a
transformation S so that S has all positive fractional powers {S*}»o. Itis
shown that if U is a real-valued function which is analytic at the origin of E,,
then S*U converges as A = o to a solution to the given partial differential
equation-in fact to the same solution obtained by the iteration in [5].

As in the theory of semigroups of nonlinear transformations (cf. [1], [2]), a
resolvent for {S"}»o is found. The rest points of {§ )‘}Do are precisely the
solutions (analytic at the origin of E,) to the given partial differential
equation. Furthermore, every such solution is a rest point of {S"}»o and
given any function U on E,, analytic at 0, § \u converges to a solution as

Received by the editors July 15, 1975.

AMS (MOS) subject classifications (1970). Primary 47H15, 35A35.

Key words and phrases. Semigroup of nonlinear transformations, resolvent, nonlinear partial
differential equations.

(1) Supported in part by an NSF grant.

© American Mathematical Society 1977

321



322 J. W. NEUBERGER

A — 0. This observation seems to bring additional nonlinear partial differen-
tial equations into the setting of semigroup theory, providing, consequently,
new classes of examples for that theory. The constructed resolvent is the basis
for several approximation schemes.

In a sense, if U is as above, then lim,_, , S* U is the nearest solution to the
function U. This seems to have applicability in the following way: If U is a
physically meaningful approximation to a solution to a given partial differen-
tial equation, then S*U, even for A quite small, may be a better approxima-
tion. Instances abound in applied science, of course, in which there is a need
for improvement of approximations. It is expected that this comment will be
expanded upon in a further work.

2. Statement of main results. Enough preliminary material is given here so
that the main results may be stated precisely.

Suppose n is a positive integer. Then T(E,n) denotes the vector space of
real-valued n-linear functions on the finite dimensional inner product space E.
Foru € E,

m m 2 /2
il = £+ £ ey
= Pa=l1
where m is the dimension of E and ¢, ..., e, is any orthonormal basis of E
(3]}, [5D. S(E,n) denotes the subspace of T(E,n) consisting of symmetric

elements of T(E, n).
If u € S(E,p), w € S(E,k), then u ® w is the member of T(E,p + k) so

that
(u®w)(x,... 1 Xpak) = ulxp, oo X W04 1 Xp4k)

forall x, ..., Xpik in E and u - w denotes the element of S(E,p + k) nearest

(relative to the above norm with n =p+ k) to u® w. If 4 € S(E,n), B
€ S(E,k), k > n, then AB denotes the element of S(E,k —n) so that
(AB,C) = (B,A - C)forall C € S(E,k — n) where the inner product on the
left is in S(E, k — n) and the one on the right is in S(K, k). AB is then called
the inner product of 4 and B.

A function g from an open subset of E to the real numbers R is called
analytic at the point p of E (and has radius of convergence at least r, r > 0)
provided

89 = 5, (Ve (o)x — 5

and
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> (
q§0 /) llg ) l1x - pIIf

converges for all x in E so that |x — p|| < r where, if ¢ is a positive integer,
g9( p) € S(E,q) denotes the gth Fréchet derivative of g at p (cf. [6]). The
least upper bound (perhaps infinity) of all such numbers r is denoted by p(g; p)
or simply by p(g) if p = 0. This definition of analyticity is equivalent to any
of a number of others but the notion of radius of convergence is perhaps a
special one.

For m a positive integer, S(E,,, n) is also denoted by S(m, n).

Denote by H the collection of all real-valued functions U on a subset of E,,
so that

(1) the domain of U is a connected open set containing 0,

(2) U is analytic at each point in its domain, and

(3) the domain of U is maximal relative to (1) and (2).

Note that if U, W € H and U(x) = W(x) for all x in some open subset
containing 0, then U = W.

Some notation is now fixed for the remainder of this paper. Denote by each
of m and n a positive integer, by 4 a member of S(m, n) so that ||4|| = 1 and
by 4 a nonnegative integer < n — 1. Denote E,, X S(m,0) X S(m, 1) X - -+
X §(m, h) by Q(h) (S(m,0) = R). Denote by a = ay, ay, ..., a,_, a sequence
so that @; € S(m,i),i =0, 1,..., n — 1. Denote by H(a) the subset of H
consisting of all U in H such that U(i)(O) =a;,i=0,1,...,n~— 1, Denote
by f a real-valued analytic function with domain an open connected subset (as
large as possible) of Q(h) which contains (0, ay,a;, . ..,a,). If U € H(a), then
Sy denotes the member of H so that

fy®) = 0, Ux), U(x), ..., UP(x))

for all x for which the right side is defined.
This paper deals mainly with the problem of approximating solutions
U € H(a) to

AUD = g,
Following [5], define T: H(a) = H(a) so that
v =3, (/U
p2
+ [ =" = DO ~ (AU Gix) = fy ) AL"

for all x in some region containing O (j is the identity function on the real
numbers).
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From Theorem 1 of [5] it follows that if U € H(a), then TU = U if and
only if AU® = f,,.

A sequence Uj, Uj, ... of elements of H is said tu converge to an element
U of H if for some § > 0

o0
lim 3 (1/g)I1U9©) - U9(0)[18? = 0.
=0 g=0 :

Similarly, if U, € H,t » 0 and U € H then “U(f) = U as t = «” means
that for some 8 > 0

S @ @
lim S (YY) - U9(0)]8? = 0.
1—00 q=°

THEOREM 1. If U € H(a), then {T*U )iy converges to a member Y of H(a)
so that AY® = f,,.

In [5] for the case f is a polynomial, an iteration method (based on T) is
given which leads to solutions to the equation of Theorem 1. In the present
paper the relatively complicated iteration of [5] is replaced by simply the
iteration {T*W)>_,, W € H(a). Also the requirement that f be a polynomial
is replaced by the weaker condition that f be analytic. These improvements are
not the main purposes of the present work, however. The main purpose is to
give a slight modification S of T so that S* is defined for all A > 0 in such a
way that S'S® = §** for all 5, 7 > 0. In this way {S'},;, becomes a one-
parameter semigroup of operators (nonlinear if f # 0) on H(a). As was
mentioned above this semigroup has a (nonlinear) resolvent even though the
semigroup does not seem to fit any of the usual assumptions. The author hopes
that the often observed smoothing properties of resolvents will hold in the
present case to the extent that iterations of the type studied here can be
extended beyond the set of analytic functions.

Some further notation is required. For 4 as above and q a positive integer,
define Mq, Qq, I;, Bq as follows:

M,: S(m,q) = S(m,q)

Q,: S(m,q) - S(m,q)

B: S(m,q) = S(m,q)

B,: S(m,q — n) > S(m,q) so that
Myw = A(4 - w), w € S(m,q)

_{w—A-(Aw),wES(m,q),q}n
Qg = w,g<n
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Pw = {W —A- M\ (Aw),w € S(m,q),q > n
‘ W,q<n

qu =4 Mq—_LW,W (S S(m,q - ”),q > n.

It is noted in [3] and [5] that Q,',‘ = F as k — oo and that £ is an orthogonal
projection on S(m, q), ¢ > n. Moreover, M, is positive definite,¢ = 0, 1, ...,
Q, nonnegative definite, g =n,n+1,....
For any A > 0, there is a unique nonnegative symmetric power of Q,
— written Q;‘. It holds that QfQZ = Qf*’, By»>»0,g=nn+1,....
Define Q from H to H so that

V) = qu WO+ 5 1/a)Q, U0, Il < p(v).

It is seen that 08QY = Q#*", B,y > 0.

THEOREM 2. If A, 8 > 0 then (I — (\/8)(Q% - I ))-l exists and for each
UeH (-0 -1 Nty converges to an element of H as § = 0.

Denote this limit by L(A\)U. Denote by B the transformation H to H so that
if U € H, then

(BU)(x) = qi (1/a)(B, U 0)),

Ix]l < p(U). The convergence of this series is assured by Theorem 2 of [5].

THEOREM 3. If U € H(a) and X > 0, then there is a unique member W of
H(a) so that W = LQA)U + (I = L(\)) Bfy.

Denote this element W by J(A)U. J is the promised resolvent function
indicated in the introductory remarks.

THEOREM 4. If U € H(a) and A > 0, there is W € H(«) so that J\/n)"U
- Wasn— oo.

Denote W by K(A)U. Then, moreover,
K@ +5)=K()K(s) forallt,s > 0.

THEOREM 5. If U € H(a) and h < n/2, there is Y € H(a) so that
(@) KA)U > Yas A - oo,
) T*U - Yas k > o,
©)JANU > YasA - .
Moreover, AY® = fy.
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Following [S], denote by H, the range of B. It may be seen that each
member of H(a)/H, contains just one solution to the equation in Theorem 5.
Moreover, if A > 0 and k is a positive integer, then each of K(A), J(A) and T*
leaves each member of H(a)/H, invariant. So, various of the iterations
described above are carried out entirely within cosets of H(a)/H, (for givea
choice of U € H(a)).

The “slight modification S of T mentioned early in the introduction is
defined by S = K(1).

It is remarked that the convergence in Theorem 3 rests upon the following
from [4]:

If each n and k is a positive integer, 4 € S(m,n) and B € S(m, k), then

n+k\
la-BF(" 5 5) > 14t

3. Some preliminary results.

PROOF OF THEOREM 2. Suppose ¢ € Z*, g > nandA > 0.1f w € S(m,q),
w # 0 and B is a number so that Q,w = Bw, then 0 < B < | and Q:w
= Bw.If B > 0, then

- 0E)@ - 1) 'w=(1- QBB - 1)"w
>(1-AlnB)'w ass—o0.

If B = 0, then (I = (A/8)(QE - 1)) 'w = (1 + (1/8)) 'w > 0 as 8 - 0.
It should be noted that if & > 0, then Q%] < 1,7 — (A/8)(@% - 1))™'|
<L

Since Q, is nonnegative and symmetric, S(m, q) has a basis of eigenvectors
of Q, and so lim;_o(7 — (A/&)(Qg -1 ))'I exists and is a linear transforma-
tion thich must also have norm not exceeding one) from S(m, q) to S(m,q).

If g € Z*, ¢ <n, then (I - (\/8)(@S —1))™' =1I for all § >0, so of
course

lim(7 -~ Vo)) - 1)) = 1.

Denote lim;_o(7 — (A/G)(Qg -1 ))_l by LQ\), and, for U € H, define
LQA\)U € H so that

V)G = 3 MU, Il < o0,
It is easy to check that if § > 0, then (I — W8 -1 ))_l exists and

limg_,,(I - (A/8)(Q% -1 ))_l = L(\)U for each U € H.
The following is needed for Theorem 3.
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LeMMA 1. Suppose t is a positive integer, each of E, Ry, ..., Q, is a finite
dimensional inner product space and Q = @, X" -+ X Q,. Suppose furthermore
that f is a real-analytic function with domain an open subset of Q and that B is a
point of Q. Then there is a real-valued analytic function F on an open subset of E,
so that

(1) if ¢ is an analytic function from an open subset of E, 0 is in D(¢), $(0) =
and R(¢p) C D(f), then for each positive integer q,

I @NP O < (F@)@(0)

where
®=(2,....9) &= go(l/q!)u«»sq’(«))us', i=1...,1

Jor all s such that |s| < inf p(¢,), ..., p(e,), & = (¥, ..., %,), and
@ 9B = IFQM)| where B =(B,,....B,) and v = (IB,,...,

118,11

ProoF oF LEmMA 1. Using a formula for the derivative of the composition
of two functions on normed linear spaces (cf. [5, Proposition 5]) one has that

if ¢ is a positive integer and x = x,, ..., x, is a sequence of which each
element is in E, then

(@)@ ©)x = 2 408 @170 ©)x(p,), . . . 174D 0)x(p,))

where S, is the set of all partitions of {1,...,q)},if p € S, then | p| denotes the

number of elementsinpandp,, ..., Pyl denotes the enumerauon of p so that

ifl1<i < k < | pl, then the least element of p, is less than the least element

of p, and ¢(7) (0)x(p;) denotes pll2D) (0)(x ., x, ) wherep, = g, ..., q,.

If k € Z*, then T(s, k) denotes the set of all sequences By ooor B such that
refl,...,0i=1,..., k Then

(7))@ ©)x
=3 3 f1@E)@1P00)x(p)), - 09247 ©0)x( 5y,

PES, rel(t)|pl)

=3 3 @) 0x(n). ... 4110 ©0)x(p),))
PES, rer(tpl) o

where if r € T(1,|p|), p € S, and i €1, .,|p|}, then (i) (¢(l”‘|)(0)x(p,))

denotes the member of Q wnth all components other than the rth one 0 and

with the rth component equal to the rth component of ¢(""|5(0)x( p;), (ii)
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¢,(,|P")(0)x( p;) denotes the sth component of rp“"”(O)x(p,), and (iii)

( fd‘")(ﬁ)), denotes the multilinear function on X -+ X & so that if
, n Nn
Y ER,z €Q(2);=08#r(z),=y,i=1...,|p| then

@)1 o2,) = GB35 o)

More simply said, (f ("")( B)), is the r-partial derivative of fat 8, r € I\(1,| p|).
Forp € S,,r € T(t,|p|), e, ..., e, an orthonormal basis of E,, define
L”onE"so thatif x = x;, ..., x, € E, then

Ly,x = (f17(8)),@I7D0)x(p)). . . ., 812 0)x(p ).
Then

IL,, I = e (L,,¢,)*
<G it > o AD@)e, (m)IF -+ g 24D @)e, (o) I

= 19D, I eI - -« gl o).

Hence

lUeNPOI< 2 = IGP@E) IO - lelP o)

€S, rer(ulpl)

- FleD@0))). 007 (0). . .q;(lel) 0
<33 )P0 el

= (F@)?(0)
where F is described as follows: Denbote (|3, ]I, . ., I,1l) by y and define, for
i a nonnegative integer, §, € S(E,,i) by

&y, p) = ’Eg(“,)yl.q e 'y,-,‘e(i; r)

for each of y|,...,y; € E, where ¢(i;r) = |](j(’)(ﬁ)),||. Then take F(y)
= 32, (1/i"8,(y — y)' for all y € E, such that ||y — yl| < p(f). This com-
pletes the definition of F.

Note that if i is a nonnegative integer,

OB = 3 elin® =187 = IFO@I?
rel(s,i)

since F)(y) =8,,i=10,1,2,....
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PROOF OF THEOREM 3. Suppose U € H(a) and A > 0. Define @, = E,,, @,
=R Q= S(mi—2)i=3,4,...,h+2 and denote Q X -+-XQ, ., by
Q.

Denote by {w,};=, the sequence so that

@w € S(m,i)i=012...,

(®) W, w5 ..., W,_;) = @, and
(c) if g is a positive integer > n — 1 and ¥(x) = o (Viywx, x € E,,
then

Weer = (LN, U)D0) + (7 = LON),)B ) 0).

One may think of obtaining w,, w,,, ..., by assuming there is W € H(a)
so that W = LQA)U + (I — L(A)) Bfy, and then, inductively, defining

w, = W) = LX), UD(0) + (I - LN),)BAI™(0)

obtaining W, in terms of wy, w;, ..., Woy-

The theorem will be demonstrated if it can be shown that there is § > 0 so
that Eff_o /") Ilwq |69 converges since then W can be chosen to be that
member of H(a) so that

We = 3 Wawst, Il <.

To begin to accomplish this, denote by F the function which relates to f as
in the preceding lemma (here 1 = h + 2).

Start with a calculation of the norm of (I — L()\)q)Bq, q€ Z* q > nFor
this it is shown first that

8 _ _ 8
I-G)A-z=4-I-M_,):z

forz € S(m,q —n), 6 > 0.
Suppose M,_,w = ew for some nonzero member w of S(m,q — n) and some
number & (necessarily in (0, 1]). Then

AA-w)y=ew, A-(AA-w)=cd-w, GAd-w)=c¢d-w,
I-G)a-W=0U-0U-w, (-G U w=>1-U-w),

but also
U-M_w=>-ew (I-M_)w=(01-¢'w

A-U-M_ ) w=>1-0"4-w sod-(I-M,_)w=(I- G)’4 - w).
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But S(m,q — n) is spanned by eigenvectors of M,_,. Hence by linearity,
A(I- M,_ ) z=(- G) (A4-2) for all z € S(m, — n). From this it
follows that if z € S(m,q — n),

(= LA - M,z = (I = (I - M/8)(U = G)° - 1)) 4 - M)z

= Jim 4 - M, = I = V&) (U = M)’ = 1))z,

If w is an eigenvector of M~} with eigenvalue ¢, then

q-n
Jim( = W8 - M) = D) 'w
= Jim(1 - A/} - o - 1) 'w

w={(1-xm(1—e))" f0<e<I,
0 ife=1.

Hence
I = LOY) By wi = Jim 4 - M1 = (I = A/8)(W — M) = 1) wll
= [m <M1 = (= /8)(U - M)’ = 1)) w,w)

=711 = dy) ww) = 71 - 4, )P Iwli

Hence |(I L(A),)B, | < sup0<,,<le2 a - dM) = b)‘ This last upper
bound exists since Ixm,_,oa a - dy,)” = 0 and 4, , is continuous in ¢ on (0,
1]. It is emphasized th=t this estimate

It = L)) B, < 8}

holdsforg =n,n+1i,....
Denote by g the real-valued analytic function

g90) = ILW),UQ0)l, ¢=012....

Denote by § a small enough positive number so that there is a unique
function y on (-8,8) so that (¥(0),y(0),...,»"(0)) = (lU©O)|,
@I, 1v*""")I) and

YD(x) = glx) + by Fx,p(x),y'(x), ..., y0(%),  |x] <8

That there is such a positive number & and such a function y follows from
basic existence and rmiqueness theory for ordinary differential equations.
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It follows by induction that Ilw I < y9(0),q = 0 1,2,... sinceif gis a
positive integer, W € H(a) and I W(')(0)|| <yDo),i=o01,..., q-1,
then

LA + (I — LA B )]
< ILMWDO)] +IT - LYY,) B O

< 8900 + b,(F(Giy, . . .. yM)T™(0)

using Lemma 1 (ji() = ¢ forall € R).

Since there is a number §,0< & <& so that if |t| <&, then
S0 (1/iy¥(0)¢ converges, it follows that Zq_o (l/q')llwal IxII° converges
and hence 372 (1/g!)w, x? converges if ||x|| < &

Define now W € H(a) so that W(x) = 3, (1/g)w, x7, |x|| < &'. From
the way {w, 3o =0 Was defined it is seen that W = LU + (1 L(\)) Bfy, . This
completes a proof of Theorem 3.

Denote W by J(\)U.

LEMMA 2. If Ay > 0,9 € Z*, w € S(m,q) and € > O, then there is § > 0
sothat ifOKAS A, kEZY, 8> 420,i=1,....,kandty+--+1
= A, then

ILG)g -+ Ly)gw = (I = G)wll < e.

Proor. Clearly this follows if it can be shown in case w an eigenvector of
G. Suppose w € S(m,q), w #* 0, and Gw = Ow, Then 0 < 0 < 1. As in the
proof of Theorem 3,

Liyw = Jim(I - (/8)( - G’ - D))"

= gi_%(l - (/8)((1 - 0)8 -1

_{0 w ifd =1

(1-rn(1-6)"'w f0O<O< 1.

Soifd =1, L(tk)q---L(tl)qw= 0-wand (I—Gq)xw=0. For0<0<1,
tl+.'.+tk=A’

L) Li)w = (1 =t In(1 = 8))™" -+ (1 = 4, In(1 — 8))~"

and(l-—G) w-—(l—0)

The fact that lim,_, (1 - ()\/n) In(1 — §))™" = £Mn(1-8) (1- 0) is fa-
miliar. Small modifications of an argument for this fact give the necessary fact
for the lemma.
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Lemma 3. If g € Z* and K ={- Gq)', t >0, then V, is of bounded
variation on all of [0, ).

Proor. If wis an eigenvector of G, with eigenvalue 4, then
V@ow=(»1- 0)'w, >0

If 6 =1, ¥()wis constant at 0; if 0 < § < 1, then ¥,(-)w has total variation
[lwll on [0, oo) Since a finite set of eigenvectors of G, spans S(m, q), the result
follows.

LemMA 4. If ¢ > n and z € S(m,q), then lim,_, (I - G)z =z-A
- M Az

From the proof of Theorem 3, it follows that if z is of the form 4 - w for
some w € S(m,q), then lim,_, (I - G, ) z=0.Now if 4z=0,(I - G ) z
= z, But anyzmS(m,q) may be wnttenz =z+z,51=z-A-M_ Az,
z=A- Mq_,,Az Then lim,, (I - G ) z = 0 and lim,, (I - G, ) zl =z
since 4z; = 0.

LEMMA 5. Suppose g € Z*, g > n, v is a continuous ﬁmcnon from [0 ) to
S(m,q) and lim,_, n() = ¢ € S(m,q). Then J;) dI - G) In =4

M A9,

This follows from Lemma 4 using the fact that j}, dI-G )A-j
-(I-g )

LEMMA 6. Suppose 0 < B,y < o and ¢ is a continuous function from
[0,8) X [0,7) to [0,00). Then if M > O, there is L > 0 such that if p is a
nonnegative continuous real-valued function on [0, L’] for some L’ in (0,L) and
wx) < o(x,xp(x)) for all x € [0,L’), then p(x) < $(0,0) + M for all x
€ [o, L]

The assumption of the negation of this lemma leads easily to a contradic-
tion.

4. Proof of main results.

PrOOF OF THEOREM 4. Suppose U € H(a), k € Z*,4,>0,i = 1,..., k.
By induction,

J() - J)U = L(t) -+ L(t))U
+L(t) - Lity) (I = L(1y)) By
+ e+ LU = L) By, st0)0

+(I - L(tk))BJ(lk) e J()U”



AN ITERATION METHOD FOR DIFFERENTIAL EQUATIONS 333

For each positive integer g denote by H, the followmg hypothesis:
There is a unique continuous functxon W, from [0, o) to S(m, q) so that if
e, \g> 0, thereis 8§ > 0sothatif 0 KA N\, k€ ZY, 8343 0,i =1,
kand g + -+ + 4, = A then

V() -+ IV D©0) - w,Wl < e.

Each of H,,..., H,_, are true smce (.I(t)U)(")(O) U9(0), 9 =0,1,
.,n-l,t>0.Hencew(}\) U"(O)q=01 Hn—=1,A30.
Suppose now that g is a positive integer and H;, ... Hq_l are true.
A prehmmary observation is in order. Define Z,, € H(A) so that Z ,\(x)
:’:8+ (l/z')wl()\)x x € E,,\ > 0. Then, 1f e > 0, there is § > 0 so
that1f0<}\<}‘l,kEZ+0<t‘<8:==l kot =)
then

I 1030 ©®) = PO <.
Now for k a positive integer and £, > 0,i = 1, ..., k,
V) IUP0) = e+ L)) ©)
HLUt) -+~ LU = L)))gd - Mnf5500)

+ (I = L) A - M 1))

Using the above observation and Lemmas 2 and 3 one obtains:
If e, \y > O, there is § > O such that if 0 < A < Ag, k € Zt 63430,
i= l, ceey k, tl + "‘+tk = A, then

o sw@o
-[(1 -6 U90) + [ - 6 - Mq'_',,f(";")(O))]" <.
This proves H, with

q—n ij

W) = U= G VD) + [ dlt - G4 - M)

Hence all of H}, H, - - - are true.
Suppose ¢ > n, A > 0 and z € S(m,q), then
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It = @ = 6Bl = It - (1 - G)M4 - ML 2P

= M- (1= Gz, 2
< (s el - - 9 el
e€(0,1]
The upper bound existzs since lim,_oe”'(1 - (1 - oz))‘)2 = (. Denote
sup,ene (1= (1=¢)") by G Hence [(I - (1 ~ G)")B,| < Gy, ¢ = n,

n+1,.... Note in passing that C, — o0 as A — co.
For A > 0, ¢ 3 n, define

n+h
0 =" Wi sup ol

for all s > 0. Note that §03(0) = sup,epx W@l i = 0,1, ..., g —n + .
From the fact that

! g -
w() = (I = G UD©) + [ d( - G) (4 - M7 1557(0))
for 0 € ¢ < A, it follows that
ey @Il < NULO) + CAFU, 0. Gps -« 6B (0)
for 0 < ¢t € A. As in the proof of Theorem 3, denote by g the function so that
> O (o)l
20 = 3 (IVOOI, 1l < o).
Denote by 6 a small enough positive number so that there is a unique

function y, on (=8,6) so that (»,(0),»(0),..., yg\"")(O)) = (JUO)I,
lw@l,.... 1" ©)) and

) = 200 + Qe @A .)P®),  |x <8,

where F is as in the proof of Theorem 3. It follows by induction that

sup, (o, 1w, (I < y)((')(O), g=0,1,2,.... Since there is a positive number
¢’ and a number mj, so that

[ .
3 W/iny0)s' <my if0<s <8
'-

it follows that

S (/IO <my,  0<s<E 0<I<A
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Define (K(A)U)(x) as the member of H(a) so that

KNOE = Z 1im®, Il <8
ForA > 0,q € Z* denote

sup{l(/ () - - J)V)P Ol Ik € Z*,1, > 0,i = 1,...,k,

From the formula for V@) JU )(k)(O) XN <l U(")(O)II
+ CFG 15 1)) (0) where 14,() = St (Ui X Qs al
s » 0. For y as above, it follows by mductlon that X, (A) < y,“’ 0),¢g=0,1,
2,....
Hence the following is true: If Ay > 0, e > 0 there are &, § > 0 such that
fOKALKALKEZN, 62420i=1....kf+ +4,=A0<s
< &, then

$ W)+ 16)0)P0) - KOO <.

A special case of this is the fact that if A > 0, then (J(A/n))" U converges to
KMU € H(a) as n = oo, the first conclusion to Theorem 4.

The second conclusion is shown by induction. From the first part of the
argument, if U € H(a),

ENUIP©) = (- 6 UPO) + [ dt - 64 - ML)

q—n
A20,g=nn+l,. Note that if B,y > 0, then (K(B)K(y)u)(")(o)
="U90) = k(8 + DU)P(©), g =0, 1,...,n~ I s0
fhrou©) = fé‘(’}sﬂ)u(o)

Suppose that ¢ € Z* and (K(B)K(y)U)(')(O) (K(B + ) (0), i

= 0 l: veey g — 1 ﬂ, Y > 0. Then fl(zp)l((y)u(o) fKZBﬂr)U(O) Bs Y > 0.
Hence

K(BKHUV)D©) = (K(BK)V))P0)
= (1 - ) (kV)?(0)

+ f I - G)P(a - ML) 1 (0)
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= U-G)[a- 6 U0 + [ au - 6y mEsgoN]
+ [ a - G- MELA D0
= (1= GYM1UW + [ a1 - G (4 - MZLEGRO)
+ f, Y - G4 - ML £7(0))

= k(@B + NP0, By>o0.

Hence K(B + y)U = K(B)K(y)U for all B,y 3 0, U € H(a).
PROOF OF THEOREM 5. Sup?ose U € H(a). To show (a) is true, recall that
ifA > 0, KOV)P0) = U9(0), g =0,1,...,n— 1, and

(KMV)P©)
= (1= G UPO) + [ dlt - 6 - MARLO)

-1 (A -
= (-G U0 +4- M7, [ al - M) UHGRO)),
g=nn+1,.... Using Lemmas 3, 4, and 5 one has inductively that if
K- U(')(O),i= 0,1,...,n—landq € Z*, ¢ > n, then

Jim (KU (0) = UD©0) - 4 - M7, 4V (0)
+A - M AU - MZIE0)

= UD0) - 4- M AUD(0) +4 - ML f(0) m o,
q-n q—n£g q

where Z,(x) = -3 (1/it)px! for all x € E,,.
Forge Z*,q> nA >0,

AEN)D(©)) = AU - G)*v)?(0)

+ [ - M ) UGRO).

Define W on [0, o) so that W(A) = A(KQA)U )(")), A > 0, and note that if
g€ Z* q > n then

KOV)D©0) = [(KOUYD©) - 4 - M7, 4K (OUYV(0))]

+4 - M2 AK@OU)(0))

= Z@(0) + Bgw®T(0)), >0
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where Z € H(a) so that Z(")(O) =U90),4=01...,n—1, Z(")(O)
= UDO)-4- M,,'_',,AU(")(O), gq=nn+1;.... Use was made of the
following important fact: If ¢ 3 0, then

KOUD©) = I - G)UD©) +4- M40,

0 = [ dlr - M,.,) KGO, KOVP0)

—4- M2 4K OUYO0))

q—n
t -1
=(I-G)UDO)+4-M0

-4 - M AU - G)'UD©) - 4 - M7\ A4 - M7\ 0)

q-n q-n

= (- G)'UD0) - 4- M} 401 - G) UD(0)

= (I- G)'[UD(0) - 4- M ! 4 (0)]
= (I - G)'lim (1 - G)'U(0)
- ‘1_% (r- Gq)’" U(")(O)
= ,1.‘.‘2 (- G,,)' U(")(O) = U(Q)(O) —4- M;—L A U(")(O) - Z(”)(O)
using Lemma 4. Hence
&OUYP0) = 290) + B, w()T™(0),

i.e. K()U = Z + BW(s), t » 0. Therefore,
W) 0) = (1 - M,_ ) 4V ()
A - -
+ fo d(I - Mq_,,)’\ j(fzf‘.l..;zyu)(o)),
gq=nn+1...,A30.
Define 7 € H so that n(‘""')(O) = AU(q)(O), g=nn+1,.... Suppose
$ > 0. Then

17 PO < 11 PO) + sup 15 2awiy O

g=0,1,2...,s0thatif A > 0,
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@ /a1t (@ (@)
sup ||W )|l < 0)| + sup su 0)ll,
S IWHPOI < IO + sup 28 12w
ie.,
sup WP < PO + sup 1595w ©)l-
0<s<A 0<s<A

Ifg € H,0 < t < p(g), then [lgl|, denotes 372, (1/it) g (O)lI¢".
Denote by F the function which relates to f as in Lemma 1. Then for any

g€ H g€ 2% q>n 50 < F@)P0) where & = (3,
@ pe2)andfori=2,...,h+2,

d’s g = Iz + Bg)(‘-Z)“‘ <l Z(i—2)|L + “(Bg)(i-z) 0

L 1 - - -
= Ilz(l—2)“‘ + z (m)'“ . M,_',,g(’ ")(O)Ht’ i+2
r=n .

<zt 3 (2)((0) -4 -nem)

re=n

IgeP )l < 126D, + gl 0 < ¢+ < p(Z), o(8)

where C is a number so that

/2
c> (%) fa-i+2@-n+0) g=mti.,

(see [5, §5)). In the above the fact was used that if w € S(m,r — n), then

14 - MZwlP < My < () wlP, - eee ).
Take @, (1) = ¢, for all numbers . Hence,

zeagl = 3, W/aDIff Ol

< 3, warre) o)

= (F(®))(®), 0<t<p(Z), p(g).

Suppose A > 0. Define C, (1) = Ef_o (1/4")supgcscal W(s)(’)(O)IIt" for all ¢
for which this converges (that it converges for some ¢ > 0 follows from the
argument for Theorem 4).

Note that [lfy, s Ol < (F@y)P0) < (F@)?(0) where @
=@y, Bp) ) = (26D, + 2,0 <t < p(G),0(Z D),
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i=2...,h+1,®() =t all t. From the fact that
(q) (] (q)
sup [|[W() YO < In'?0)|| + sup ||E 0)|l,
0<s27\" (5)*( ) I )l 0<:g)\“ z+3w(,)( )]l

it follows that
22 1P < @) + (F@)?(0)

and so
Q (@)
C\(® = 3 (1/q") sup [[W(s)*(0)]|¢e?
q=0 0<s<A

<l + 3, (/e F@IP o)

= |lnll, + (F(®))(2)
= |lqll, + F(t, (..., ®,,2(0))
= Ilnll, + F@ 12l + c" @), 12’1l + c" ' @), -+,
1Z®], + che @),
0 <t < p(F(®)).

Denote by B, y two positive numbers so that if D(1,xq,X;,...,x;) = (1, [1Z]],
+ 0V, 1200, + 2, 2O+ 1), 0K K B O X, < s i
=0,1,...,h then E;"_o (1/g)(F (D))(")(O)t" converges. Define

o, x) = Il + F@IZI, + ' 1270, + 072, 120, + 41 ),
0<7<B0Kx<y.

By Lemma 6, there is L > 0 so that if 0 < L’ < L and p is a nonnegative
continuous function on [0, L'] so that u(r) < ¢(¢, 2u(r)) for all t € [0, L), then
wr) < ¢(0,0) + 1,1 € [0,L].

Suppose A > 0. Then G, (r) < ¢(t,¢C) (1)) for all ¢ in some interval [0, L'], 0
< L' € L. Hence C)(1) < ¢(0,0) + 1 for ¢ € [0, L"]. Since C, is increasing
and continuous on its domain (all ¢ 3 0 such that its power series about 0
converges), the assumption that C, does not have the property that its domain
includes [0, L) and C,(r) < ¢(0,0) + 1 for all ¢ € [0, L] leads to a contradic-
tion. This gives |[W(\)l, < ¢(0,0) + 1 = m, for all A > 0, ¢ € [0, L)]. This
implies that there is m' > 0,

IKAUI, < m,  A>0, 0<1< Ly, p(U).
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This together with the fact that (K(A)U )(")(0) converges asA = o, ¢ = 0, 1,

2,..., gives that there is Y € H(a) so that KA)U = Y as A = oo. This
concludes a proof to part (a) of the theorem.

Note that Y@(0) = qg=0,1,2,..., where n, 5, rp, ... are defined
inductively early in the proof of this theorem.

Now part (b) is demonstrated.

For Z € H(a), define QZ € H(a) so that

n-1 0
©® =3 (7)290x+ £ (§)@- Gz0os,

Ixll < o(Z)
and for Z € H, define

v2)e) = 3 (7)@-20 0 Il < w2)
q=n
Then TZ = QZ + Vf,, Z € H(a). By induction,

krr _ Ak kS
T"U=2¢ U+‘EOQVka.,..U, k=12....

Define W, = A(T*U)®, k = 1,2,.... Thenfork, ¢ € Z*, ¢ > n,
k-1
(T*V)P0) = (- G UDO) + T (- G4 fER,0)

= (I - G U() + :‘g:; A-( - M) 58,0
and so
wa©) = (1 - M,_,) 4aUD(0)+ f‘_‘-‘.; My (I = M) 58 0).
As in part (a),
T'U = Z + BW,.

Since 3/2g M,_,(I - M,_,) = I- M}, and0 < I- Mk, <L k=12,
..., it follows that

KON < 14VPOI + _ swp, IFER, Ol g =nn+l...

and hence
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IHOO < PO+ _ som 125, O,
i=],,..,Kk—

g=012...,k=12,..., with g as in part (a).

That there are my, Ly > Osothat |||, < mg, k = 1,2,...,¢ € [0, Ly]is
proved essentially as the corresponding fact in part (a). Similarly, there is
m’ > 0so that |T* U, < m', 0 < ¢ < Ly, p(U).

Observe that

T U)P0) = (- U0 + T (- 6)f 4- RO

= (- G)Uu9() + :“_S-_‘,; A-U-M_) R0

- UD0) - 4- ML 4UD0) + 4 - ML £(0)

as k = oo, inductively on g, since

- M- M,_ )Y > M ask— o,

k=1 i »
:go U= M) = Moy

g=nn+1,....

This convergence, together with the boundedness of {|| 7% Ull}rw, for some
t > 0, gives that part (b) is true. Note that part (b) implies Theorem 1.
Now to demonstrate part (c). For A > 0,

JOYU = LU + (I - LO) Bfyyy-
Hence for each g€ Z*, (JA\U )(")(0) = L), v@0) + (1 - L), )4
- ML 1%50(0) and
l4EQOV)PO) < lavDE)] + LGP O)I.
Define W(A) = AUMN)U )(") and take 1 and Z as in parts (a) and (b). Then

IOPO < 1191 + 152 5w Ol

By an argument similar to those in parts (a) and (b) (but simpler since one
has || fé‘QBW(A)(O)II on the right-hand side instead of supy¢,<a llfz(‘Qaw(,)(O)Il
in part (a) or sup;; . x|l féﬂ) sw,(0)|l in part (b)) one arrives at the fact that
there is Ly, my > 0'so that |[W(\)[, < my, 0 < ¢ < Lg, A > 0. This leads to
the existence of # > 0 so that {|J(A)U] },5 ¢ is bounded. Since
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LMN),UD0) > UD0) - 4- ML UDY) ash> oo

-n

and

U= LA M r>A-ML4A-M7\) =4 My

asA — o0, £ S(m,g - n),

it follows by induction on ¢ that (JQA)U)?(0)— U9D(0)-4
. Mq'_',,A U90) + 4 - Mq'_',,f,g"“") asA = o0,q = n,n+1,.... This, togeth-
er with the boundedness of {|lJ(A)Ul|},5 ¢, gives part (c).

5. Epilogue. Note that if U € H(a), then Y of Theorem 5 has the [ )llowing
property:

Y@©0) = v90),4=0,1,...,n—1, and Y?(0), Y™*V(0),... can
be defined inductively as follows:

If g€ Z*,q > n, then Y9(0) is the element w of S(m,q) satisfying:
U@ (0) = w|| is minimum over all w € S(m,q) so that Aw = f,g‘: "(0)
where

n—1 , .oq-1 , ,
Y0 = 2 (/iuD0x + 3 (i), x € E,.

The problem of solving for w € S(m,q) such that Aw = j,('{j")(o) is
essentially an underdetermined consistent linear system. In the Cauchy-
Kowalewski method, noncharacteristic initial conditions are used to add
equations so that the resulting linear system has a unique solution. In the
present method the minimization breaks the impasse concerning the underde-
termined system.

This allows Y to take on some of the character of U in a manner natural to
the problem at hand. It is expected (and has beer pointed out in examples in
[3] and [5]) that a study of the correspondence: U — Y will yield in some
instances appropriate (and perhaps new) boundary conditions in a general
sense.

It is mentioned in closing that the present point of view seems to apply in
substantial instances to systems of nonlinear equations and to more fully
nonlinear problems: problems of finding U so that

o, UM, UK, ..., UP(x)) =0

for all x in some region of E,,, f from E,, X R X S(m,1) X - -+ X S(m,n) to R.
Formal power series solutions of many such equations are in hand but the
convergence problems seem to this writer to be particularly difficult.



AN ITERATION METHOD FOR DIFFERENTIAL EQUATIONS 343

REFERENCES

1. H. Brézis and A. Pazy, Semigroups of nonlinear contractions on convex sets, J. Functional
Analysis 6 (1970), 237-281.

2. M. G. Crandall and T. M. Liggett, A theorem and a counterexample in the theory of
semigroups of nonlinear transformations, Trans. Amer. Math. Soc. 160 (1971), 263-278. MR 46
#750.

3. J. W. Neuberger, Tensor products and successive approximations for partial differential
equations, Israel J. Math. 6 (1968), 121-132. MR 38 # 5404.

4, —, Norm of symmetric product compared with norm of tensor product, J. Linear
Multilinear Algebra 2 (1974), 115-121.

s. , An iterative method for solving nonlinear partial differential equations, Advances in
Math. 19 (1976), 245-265.

6. F. Nevanlinna and R. Nevanlinna, Absolute analysis, Die Grundlehren der math, Wiss.,
Springer-Verlag, Berlin, 1959. MR 22 #12176.

DEPARTMENT OF MATHEMATICS, EMORY UNIVERSITY, ATLANTA, GEORGIA 30322



