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A RESOLVENT FOR AN ITERATION METHOD FOR

NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS

BY

j. w. neubergerC)

Abstract. For each of m and n a positive integer denote by S(m,i) the

space of all real-valued symmetric i-linear functions on Em, i - 1,2,...,«.
Denote by L a nonzero linear functional on S(m, n), denote by/a real-valued

analytic function on Em x R x S(m, 1) x • • • x S(m,[n/2]) and denote by a

a member of D(f). Denote by H the space of all real-valued functions U,
analytic at the origin of £m, so that a ■» (0,1/(0), i/'(0),.... l/a,,/2])(0)). For
V e H,fv(x) m f(x,U(x),U'(x),....l/d"/2D(x)) for all x for which this is
defined. A one-parameter semigroup (nonlinear if / =A 0) K on H is con-

structed so that ii U G K, then K(\)U converges, as X -* oo, to a solution Y
to the partial differential equation LY^ — fY. A resolvent / for this

semigroup is determined so that J (X) U also converges to Y as X -» oo and so
that J(\/n)"U converges to K(\)U as n -> oo. The solutions Y 6 H of
¿yW — /K are precisely the fixed points of the semigroup K.

1. Introduction. An iteration method for a class of nonlinear partial

differential equations was described in [5], For a given partial differential

equation a transformation F was defined which has as its fixed points the

solutions to that equation. An iteration method based on F was given. To each

function U analytic at the origin of Em a solution to the equation was obtained

by means of this iteration. In the present work F is modified slightly to a

transformation S so that S has all positive fractional powers {5X}X>0. It is

shown that if U is a real-valued function which is analytic at the origin of Em

then Sx U converges as X -* cç to a solution to the given partial differential

equation-in fact to the same solution obtained by the iteration in [5].

As in the theory of semigroups of nonlinear transformations (cf. [1], [2]), a

resolvent for {SX}A>n is found. The rest points of {5,X}A>0 are precisely the

solutions (analytic at the origin of Em) to the given partial differential

equation. Furthermore, every such solution is a rest point of (S'X}A>0 and

given any function U on Em analytic at 0, SXU converges to a solution as
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322 J. W. NEUBERGER

X -* co. This observation seems to bring additional nonlinear partial differen-

tial equations into the setting of semigroup theory, providing, consequently,

new classes of examples for that theory. The constructed resolvent is the basis

for several approximation schemes.

In a sense, if U is as above, then limx_>00 Sx U is the nearest solution to the

function U. This seems to have applicability in the following way: If U is a

physically meaningful approximation to a solution to a given partial differen-

tial equation, then SXU, even for X quite small, may be a better approxima-

tion. Instances abound in applied science, of course, in which there is a need

for improvement of approximations. It is expected that this comment will be

expanded upon in a further work.

2. Statement of main results. Enough preliminary material is given here so

that the main results may be stated precisely.

Suppose n is a positive integer. Then T(E, n) denotes the vector space of

real-valued «-linear functions on the finite dimensional inner product space E.

For m G E,

[■ft feU *^   I / ¿

2—   2 ^,...,ej]

where m is the dimension of E and ex, ..., em is any orthonormal basis of £

([3], [5]). S(E,n) denotes the subspace of T(E,n) consisting of symmetric

elements of T(E, n).

If « G S(E,p), w E S(E,k), then u ® w is the member of T(E,p + k) so

that

(u 0 w)(xx.xp+k) = u(xx.xp)w(xp+x,... „x^)

for all x,.x +k in E and u • w denotes the element of S(E,p + k) nearest

(relative to the above norm with n = p + k) to u ® w. U A G S(E, «), B

G S(E,k),k > «, then AB denotes the element of S(E,k-n) so that

(AB, C> = (B,A - C> for all C G S(E, k - n) where the inner product on the

left is in S(E,k - n) and the one on the right is in S(K,k). AB is then called
the inner product of A and B.

A function g from an open subset of E to the real numbers R is called

analytic at the point p of E (and has radius of convergence at least r, r > 0)

provided

g(x)= i (W)g(í,Hp)(x - P)q
?=0

and
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i (i/?oiig(?)(p)iiiix-pir
<7=0

converges for all x in E so that ||x - p|| < r where, if q is a positive integer,

g(q)(p) E S(E,q) denotes the qth Fréchet derivative of g at p (cf. [6]). The

least upper bound (perhaps infinity) of all such numbers r is denoted by p(g;p)

or simply by p(g) if p = 0. This definition of analyticity is equivalent to any

of a number of others but the notion of radius of convergence is perhaps a

special one.

For m a positive integer, S(Em,n) is also denoted by S(m,n).

Denote by H the collection of all real-valued functions U on a subset of E„

so that

(1) the domain of U is a connected open set containing 0,

(2) U is analytic at each point in its domain, and

(3) the domain of U is maximal relative to (1) and (2).

Note that if U, W E H and U(x) = W(x) for all x in some open subset

containing 0, then U = W.

Some notation is now fixed for the remainder of this paper. Denote by each

of m and n a positive integer, by A a member of S(m, n) so that \\A || = 1 and

by A a nonnegative integer < « - 1. Denote Em x S(m,0) x S(m, 1) x • • •

X S(m, h) by fi(/i) (S(m, 0) = R). Denote by a = a0, a,, ..., a„_, a sequence

so that a, E S(m,i), i = 0, 1, ..., n - 1. Denote by H(a) the subset of H

consisting of all U in H such that U^'\o) = a¡, i = 0, 1,..., n - 1. Denote

by/a real-valued analytic function with domain an open connected subset (as

large as possible) of fi(/i) which contains (0, a0, a,,..., an). If U E H (a), then

fu denotes the member of H so that

fu(x)=f(x,U(x),U'(x),...,U{h)(x))

for all x for which the right side is defined.

This paper deals mainly with the problem of approximating solutions

U E H(a) to

AU®-f,,.

Following [5], define F: H(a) -» H(a) so that

(TU)(x) - 2 (l/ql)U^(0)x"
q=0

+ /0! ((1 -jrX/(n - l)\)[U®(jx) - (AU®(jx) -fuUx))A]x"

for all x in some region containing 0 (j is the identity function on the real

numbers).
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From Theorem 1 of [5] it follows that if U E H(a), then TU = U if and

onlyif^l/W =fu.
A sequence Ux, U2,... of elements of H is said tu converge to an element

U of H if for some fi > 0

lim  i (l/?!)||c/.(?)(0) - t/(?)(0)||S* = 0.
i-*oo ̂ „o

Similarly, if Ut G H, t > 0 and U G H then "l/(/) -* 17 as / -» oo" means

that for some S > 0

lim  2 (1/?!) ||í/,(í)(0) - U{q)(0)\\8q - 0.
/-♦oo ç=o

Theorem l.IfUE H (a), then {F*l/}*=1 converges to a member Y of H (a)

sothatAY(n) =fY.

In [5] for the case / is a polynomial, an iteration method (based on T) is

given which leads to solutions to the equation of Theorem 1. In the present

paper the relatively complicated iteration of [5] is replaced by simply the

iteration {Tk W)k=x, W E H (a). Also the requirement that/be a polynomial

is replaced by the weaker condition that/be analytic. These improvements are

not the main purposes of the present work, however. The main purpose is to

give a slight modification S of F so that Sx is defined for all X > 0 in such a

way that S'SS = S,+s for all s, t > 0. In this way {5'},>o becomes a one-

parameter semigroup of operators (nonlinear if / ¥= 0) on H(a). As was

mentioned above this semigroup has a (nonlinear) resolvent even though the

semigroup does not seem to fit any of the usual assumptions. The author hopes

that the often observed smoothing properties of resolvents will hold in the

present.case to the extent that iterations of the type studied here can be

extended beyond the set of analytic functions.

Some further notation is required. For A as above and q a positive integer,

define Mq, Qq, Pq, Bq as follows:

Mq: S(m,q)->S(m,q)

Qq:S(m,q)->S(m,q)

Pq: S(m,q)-* S(m,q)

Bq: S(m,q — n) -> S(m,q) so that

Mqw = A(A • w), w E S(m,q)

fw-A- (Aw), w E S(m,q), q> n

QqW = U,q<n



AN ITERATION METHOD FOR DIFFERENTIAL EQUATIONS 825

P,\
(w-A-.

\W = {
K.w,q <n

MqJn(Aw),w E S(m,q),q > n

Bqw = A • M~_\w,w E S(m,q - n),q > n.

It is noted in [3] and [5] that Qq -* Pq as k -* co and that Pq is an orthogonal

projection on S(m,q), q > n. Moreover, Mq is positive definite, q = 0, 1.

Qq nonnegative definite, q = n,n + 1.

For any X > 0, there is a unique nonnegative symmetric power of Qq

- written ßx. It holds that Q¡ Q\ = Q¡¡+\ ß, y > 0, q = n, n + 1.
Define Q from H to H so that

(ßi/)(x) = 2¡ 0/g!)í/(9)(0)x« + 2 (l/q\)(Qq U^(0))x", \\x\\ < p(í/).
9=0 9-=n *

It is seen that QßQy = ß^+Y, A Y > 0.

Theorem 2. // X, 8 > 0 iÄe« (/ - (X/5)(ß8 - /))"' ex«/í and for each

U E H,(I- (X/8)(QS -I))~XU converges to an element of H as 5 -» 0.

Denote this limit by L(X)U. Denote by B the transformation H to H so that

if U E H, then

(BU)(x)= 2 (l/q\)(BqU("-"\0))x",
q-n

\\x\\ < p(U). The convergence of this series is assured by Theorem 2 of [5].

Theorem 3. If U E H(a) and X > 0, then there is a unique member W of

H (a) so that W = L(X)U + (I - L(X))Bfw.

Denote this element W by J(X)U. J is the promised resolvent function

indicated in the introductory remarks.

Theorem 4. If U E H(a) and X > 0, there is W E H(a) so that J(X/n)nU

-* W as n -* oo.

Denote Why K(X)U. Then, moreover,

K(t + s) = K(t)K(s)   for all t, s > 0.

Theorem S.IfUE H (a) and h < n/2, there is Y E H (a) so that

(&)K(X)U-> YasX^> oo,

(b)F*t/-> Y ask-* oo,

(c)J(X)U-* Y as X-» oo.

Moreover, A YM = fY.
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Following [5], denote by H0 the range of B. It may be seen that each

member of H(a)/HQ contains just one solution to the equation in Theorem 5.

Moreover, if X > 0 and & is a positive integer, then each of K(X), J(X) and Tk

leaves each member of H(a)/H0 invariant. So, various of the iterations

described above are carried out entirely within cosets of H(a)/HQ (for given

choice of U E H(a)).

The "slight modification S" of F mentioned early in the introduction is

defined by S = #(1).
It is remarked that the convergence in Theorem 3 rests upon the following

from [4]:

If each n and k is a positive integer, A G S(m,n) and B G S(m,k), then

M-*ll2(" + *)>IMIlW.

3. Some preliminary results.

Proof of Theorem 2. Suppose q E Z+, q > n and X > 0. If w E S(m,q),

w ¥= 0 and ß is a number so that Qqw = ßw, then 0 < ß < 1 and Qqw

= ßsw. Uß>0, then

(/ - (X/5)(Qj - I))~lw = (1 - (X/8)(ß* - I))"1*

-»(1 -XlnjSr'w   asfi-»0.

If ß = 0, then (/ - (X/8)(Qq - /))"' w = (1 + (X/8))~lw -* 0 as 8 -» 0.
It should be noted that if 8 > 0, then |ß8| < 1, |(/ - (X/8)(Qsq -I)) '|

< 1.
Since Qq is nonnegative and symmetric, S(m,q) has a basis of eigenvectors

of Qq and so lims_,0(7 - (X/8)(Qq — I))~ exists and is a linear transforma-

tion (which must also have norm not exceeding one) from S(m, q) to S(m, q).

If q E Z+, q < n, then (/ - (X/8)(Qsq - /))"' = / for all 8 > 0, so of

course

hm(I - (X/8)(Qq -/))-'=/.

Denote lims_Q(I - (X/8)(Qsq - /))"' by L(X)q and, for U G H, define

L(X)í/ G 7/ so that

(L(X)U)(x) =  S (1/V)(¿(X)?Í/(*>(0))A       IMI < p(U).

It is easy to check that if 8 > 0, then (/ - (X/8)(QS -/))"' exists and

linW - (V*)(ß* - -OF1 = L(A)U for each U E H.
The following is needed for Theorem 3.
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Lemma 1. Suppose t is a positive integer, each of E,QX, ..., fl, is a finite

dimensional inner product space and ñ = ß, X- • • X Qr Suppose furthermore

that fis a real-analytic function with domain an open subset o/fl and that ß is a

point o/fi. Then there is a real-valued analytic function Fon an open subset of Et

so that

(1) if<b is an analytic function from an open subset ofE, 0 is in D(<b), <p(0) = £

and R(<b) C D(f), then for each positive integer q,

ll(/(*))W(0)|| < (F($))(?)(0)

where

$ = ($„..., $,),     *,r>) - 2 (i/?!) ll^Wlk',     / - l.t,
?»o

for all s such that \s\ < inf p(<bx ).p(<J>,), <f> = (<J>,,..., <f>,), and

(2) ||/(9)(yS)l| - l|F^(y)||  where ß - Íj3„ ... ,ßt) and 7-(11/8, II.

Proof of Lemma 1. Using a formula for the derivative of the composition

of two functions on normed linear spaces (cf. [5, Proposition 5]) one has that

if q is a positive integer and x = x,, ..., xq is a sequence of which each

element is in E, then

(/(«i»))(?)(0)x =   2 /(lpl)(iS)(<i»(l^l)(0)x(pI),...,<i>(l^l)(0)x(p|.|))

where Sq is the set of all partitions of {1,..., q}, Up E Sq then |p| denotes the

number of elements inp andp,, ..., p| , denotes the enumeration of p so that

if 1 < i < k < |p|, then the least element of p, is less than the least element

oipk and <b^'l)(0)x(Pi) denotes *('Äl)(0)(xfl,... ,x?j) wherePi - qx.q,.

If A: E Z+, then T(t,k) denotes the set of all sequences rx,..., rk such that

r¡ E {1.t}, i = I, ..., k. Then

(/(<>))(9)(0)x

=   22     /(l;'l)(j8)((*(l'"l)(0)x(p1));i,...,(«i>(1^l)(0)x(p|;,|))r|p|)
^eS, rer(t,\p\)

=   22     t/M)(jB))r(*SAl)(OWl»i).rf;wl)(0)x(p|;)|))

where if r E T(t,\p\),p E Sq and i E {1.|p|), then (i) (^^(O^p,-)),,

denotes the member of ß with all components other than the rxh one 0 and

with the r;th component equal to the r¡th component of </>      (0)x(p(), (ii)
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<pUp'\\0)x(p¡) denotes the jjth component of i>{]p,])(0)x(pi), and (iii)

(pp\\ß))r denotes the multilinear function on ß^ x • • • x ß so that if

y¡ G 0^, z¡ G ß, (z¡)s = 0,8¥>r¡, (z¡)n - y¡, I - 1.|p|, then

UM>W)(ßi.....*u) = (/^(iS)),^..-..^).

More simply said, (/^(/í)), is the r-partial derivative of/at /S, r G r(/, |p|).

For p E Sq,r E T(t, \p\), ex,..., em an orthonormal basis of Em, define

L.. on F? so that if x = ¿c,.-«o G F, then

V* = (/M)GW*SäI)<o)*ü>.).^(oWp,,,)).

Then

Il VU2 -   2   (V^2

< \\(fm(ß))rf   2 JI-pf'^oKÎF,)!!2---^^'5^^,)!!2
jer(m,4)       ' W W

- llC/^mifll^'W • • • ll<wl)(0)||2.

Hence

ll(/(«í.))(?)(o)ll < 2     2    KfM\ß))r\\ U{íñl)(0)\\ ■ ■ • nrfí}(o)ll

<   2       2     (FÍW>(*(0))),*J¡l'l>(0)-..*^l)(0)

= (F(*))(í)(0)

where Fis described as follows: Denote (\\ßx ||.\\ßt\\) by y and define, for

/ a nonnegative integer, 8¡ E S(E,,i) by

8¡(yi,...,y¡)=   2   ^•••j^O»
rer(/,i)

for each  of yx,...,yjE F, where e(/;r) s ||(/(,)(j8))J. Then take F(y)

= 2,-o (W/t? - y)'for a11^ e Et such that lb - Vll < 9(f)- This com-
pletes the definition of F.

Note that if / is a nonnegative integer,

ll/(/)(/3)ll2 =   2   £(/;02 = II5,II2 = I|f(')(y)||2
relUi)

r(<)since Fl''(y) - 8¡, i - 0, 1, 2,
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Proof of Theorem 3. Suppose U E H(a) and X > 0. Define Q, — Em, fi2

= R, Q, = S(m,i - 2), i = 3, 4, .... h + 2 and denote ß, X • •• X ßA+2 by

Q.
Denote by {w,}" 0 the sequence so that

(a) w¡ E S(m,i), 1 = 0, 1, 2, ...,

(b) (wQ,wx,...,wn_x) = a, and

(c) if ? is a positive integer > n - 1 and I£(x) = 2?-o O/'Ow,*'. x E £M,

then

Vi = (^)f v)w(°)+ (7 - ¿Wf) V^°(°)-

One may think of obtaining w„, wn+x, ..., by assuming there is W E H(a)

so that W = L(X)U + (I - L(X))Bffv and then, inductively, defining

Wq = ^(o) = L(X)gi7^)(0) + (/ - L(X)q)Bqftn)(0)

obtaining w in terms oi wQ,wx,..., w   x.

The theorem will be demonstrated if it can be shown that there is 5 > 0 so

that 2£Lo(1/?!)IKIlS? converges since then W can be chosen to be that

member of H (a) so that

W(x) = 2 (l/îîkx*.      ||x|| < 8.
Î-0 «

To begin to accomplish this, denote by F the function which relates to/as

in the preceding lemma (here / = h + 2).

Start with a calculation of the norm of (/ - L(X) )Bq, q E Z+, q > n. For

this it is shown first that

(I-Gq)SA-z=A-(I-Mq_„)Sz

for z E S(m, q - n), 8 > 0.

Suppose A/._„ w = ew for some nonzero member w of S(m, q — n) and some

number e (necessarily in (0, 1]). Then

A(A • w) = ew,      A • (/4(yi • w)) <= eA • w,       Gq(A ■ w) = eA • w,

(I - Gq)(A - w) - (1 - e)04 ■ w),       (/ - rj/í/! • w) = (1 - e)8(^ • w),

but also

(/ - A/9_> - (1 - e)w,      (I - Mq_nfw = (1 - tfw,

A ■ (I - Mq_„)Sw = (1 - e)8A -w   so A-(I- Mq_n)Sw = (/ - Gq)S(A • u>).
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But S(m, q - n) is spanned by eigenvectors of Mq_n. Hence by linearity,

A •'(/ - Mq_n)Sz = (7 - Gqf(A • z) for all z E S(m,q - n). From this it

follows that if z E S(m,q - n),

(I - L(X)q)A ■ Mq_\z - lim(7 - (7 - (X/5)((7 - Gq)S - I))~]A ■ Mq.\)z

- ¡inj A ■ Mq-_\(I -(I- (X/8)((I - Mq_J - 7))",)z.

If w is an eigenvector of M~}n with eigenvalue e, then

Jim(7-(X/5)((7-A/î_„)A-7))-,w

= lim(l-(X/¿;((l-£)S-l))-,ív
o—*i)

_¿ fO-XlnO-e))"1      if 0 < c < 1,
x,£        \o if«-I.

Hence

||(7 - L(X)?) VU2 » fyU • Mq~-nd - if - (V*)((/ - Mq_n)S - 7))-')w||

= ^<M-\(I -(I- (X/8)((I - Mq_nf - I)yl)2w,w)

- <e_1(l - dx/w,w) - «"'(I - ¿A>e)2||H|2.

Hence |(7 - L(X)q)Bq\2 < sup0<i<1«-,(l - dkt)2 m b{. This last upper

bound exists since lim„^0e '(1 - dnt) = 0 and d^ is continuous in e on (0,

1]. It is emphasized th.it this estimate

\(I - L(X)g)Bq\2 < b2

holds for q = n, n + I,_

Denote by g the real-valued analytic function

*<«>(0) = ||L(X)9C/^(0)||,       î-0,1,2.

Denote by 5 a small enough positive number so that there is a unique

function y on (-5,5) so that (y(0),y'(0),.. .,y{n~x)(Q)) = (||t/(0)||,

||í/'(0)||>...,||í/í',-,)(0)||)and

/">(*) - *í» + ¿xFOc, vto./to,...,/%)),       \x\ < 8.

That there is such a positive number 5 and such a function y follows from

basic existence and u-riaueness theory for ordinary differential equations.
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It follows by induction that ||w9|| < v(?)(0), q = 0, 1, 2,... since if ? is a

positive integer, W E H(a) and ||»'(/)(0)|| ^ v(/)(0), i - 0,1,.... q - 1,

then

\\(L(X)U + (I-L(X))Bfwf<l\o)\\

< \\(L(X)uf\0)\\ +\\(I- L(X)q)BqfU-"\0)\\

<g(q)(0) + bx(F(j,y,...,y(h))rn(Q)

using Lemma 1 (J(t) = t for all t E R).

Since there is a number 5', 0 < 8' < 5 so that if |/| < 5', then

2£o O/'O/^Oy converges, it follows that 2*=o ('/?!) Il%ll ll*f converges

and hence 2*=o 0/?Ow?*9 converges if ||x|| < 5'.

Define now W E H (a) so that W(x) - 2£=o 0/f Ov'' H*1' < fi'' From
the way {h>9}"=0 was defined it is seen that W = L(X)U + (I - L(X))Bfw. This

completes a proof of Theorem 3.

Denote W by J(X)U.

Lemma 2. //Xq > 0, q E Z+, m> E S(m,fl) o«i/ e > 0, //ten there is 8 > 0

jo i/tai // 0 < X < Xq, k E Z+, 8 > t¡ > 0, i = 1.k and tx + ••• + tk
= X, fAevt

IW'*)f-'^i)f»'-(/-Cf)Xw||<e.

Proof. Clearly this follows if it can be shown in case w an eigenvector of

G. Suppose w E S(m,q), w # 0, and Gw = 9w. Then 0 < 9 < 1. As in the

proof of Theorem 3,

L(t)qw = lim(/ - (t/8)((I - Gqf - I)YXw

= hm(l-(t/8)((l-9)S-l))-]w

f0-w   if 9 = 1

1(1 - / ln(l -9))~xw   if 0 < 9 < 1.

So if 0 = 1, ¿(/^ • • • !(*,),* = 0 • w and (/ - Ci)xw « 0. For 0 < 9 < 1,

/, + ••• + tk = X,

¿(i*)...!(*,)* - (1 - r*ln(l - 9))~x---(l - tx ln(l - 9))~Xw

and (/ - Gq)Xw = (1 - 0)Xw.

The fact that Iim^O - (X/n) ln(l - 9))~" = eMn{l~9) = (1 - 0)X is fa-

miliar. Small modifications of an argument for this fact give the necessary fact

for the lemma.
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Lemma 3. If q E Z+ and Vq(t) = (7 - Gq)', t > 0, then Vq is of bounded

variation on all of[0, co).

Proof. If w is an eigenvector of G with eigenvalue 9, then

Vq(t)w = (1 - 9)'w,      t > 0.

If 9 = 1, ^(-)w is constant at 0; if 0 < 9 < 1, then l^(-)w has total variation

||w|| on [0, co). Since a finite set of eigenvectors of Gq spans S(m, q), the result

follows.

Lemma 4. If q > n and z G S(m,q), then lim/_>00(7 - Gq)'z — z - A

• Mq-J„Az.

From the proof of Theorem 3, it follows that if z is of the form A • w for

some w E S(m,q), then lim,_>00(7 - Ci)'z = 0. Now if Az = 0,(1- Gq)'z

= z. But any z in 5(m, a) may be written z = zx + z2, zx = z — A • M~}nAz,

z2=* A- M~JnAz. Then lim^^I - Gq)'z2 = 0 and lim,_>00(7 - Gq)'zx = z,

since y4z! = 0.

Lemma 5. Suppose q E Z+, q"^ n,t\is a continuous function from [0, co) to

S(m,q)    and    lim^n« = «f> G S(m,q).    Then   /0X ¿(7 - G^n = ^

This follows from Lemma 4 using the fact that J"0X d(I - G)X~J = /

- (/ - Gq)\

Lemma 6. Suppose 0 < ß, y < co a/i</ <f> « a continuous function from

[Q,ß) X [0,y) to [0, co). Then if M > 0, iÂere « L > 0 ¿ucA /Äa/ if p is a

nonnegative continuous real-valued function on [0, L'\ for some L' in (0, L] and

H(x) < <b(x,xiJi(x)) for all x G [0,L'], then p(x) < d>(0,0) + M for all x

G [0,1'].

The assumption of the negation of this lemma leads easily to a contradic-

tion.

4. Proof of main results.

Proof of Theorem 4. Suppose U G 77(a), k E Z+, t¡ > 0, / = 1,..., k.

By induction,

J(tk)---J(tx)U = L(tk)---L(tx)U

+ L(tk)---L(t2)(I-L(t2))BfJ{li)u

+ ■■■ + L(tk)(I - L(tk_x))BfJ(tkù...J(h)u

+{I-L(tk))BJltk)...J(h)u.
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For each positive integer q denote by H the following hypothesis:

There is a unique continuous function wq from [0, oo) to S(m, q) so that if

e, Xrj > 0, there is 8 > 0 so that if 0 < X < Xq, k E Z+, 8 > t¡ > 0, i = 1,

..., k and tx + • • • + tk = X, then

\\Mtk)---J(tx)U)M(0)-wq(X)\\<e.

Each of Hx.#„_, are true since (J(t)vjq)(0) - C/(i)(0), q - 0, 1,
..., n - 1, f > 0. Hence wq(X) = t/(i)(0), ? = 0, 1,...,«- 1, X > 0.

Suppose now that q is a positive integer and Hx,..., //"._, are true.

A preliminary observation is in order. Define ZqX E i/(X) so that Z x(x)

- 2£2+* (lA!)w,(X)x'( x E Em, X > 0. Then, if e > 0, there is 8 > 0 so
that if 0 < X < X,, k E Z+, 0 < /, < fi, / - 1.jfc, f, + • • • + tk - X,
then

\\f}$..j(,MV-ftn)m<e-

Now for x a positive integer and t¡ > 0, i = 1,.... A:,

C%)• • •</('1)t»(?)(0) - (¿('*)• • • L(tx)UÍ9)(0)

+(L(tk) • - • L(t2)(I - Uh)))qA ■ Mq--Xj}fcn!,(0)

+ .-. + (/- Ifo))^ • M^fjff...mu(0).

Using the above observation and Lemmas 2 and 3 one obtains:

If e, Xq > 0, there is 8 > 0 such that if 0 < X < Xq, k E Z+, 5 > /, > 0,
/' = I, ..., k, tx + ' • - + tk — X, then

(J(tk)"-J(h)U){q)(0)

-[(/ - C,)X I/W(0) + fQX d(I - G/-J(A ■ Mq~\/i?;n)(0))] || < e.

This proves //? with

wq(X) - (/ - G9)X I/M(0) + /oX ¿(/ - G,)^ ■ A/9-J„/^;")(0)).

Hence all oí Hx, H2 • • • are true.

Suppose ç > w, X > 0 and z E S(m,q), then
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||(7 - (7 - G/) Vif - IK/ - (/ - Gq)K)A . Mq-_\z\\2

= <Mq_\(I-(I-Gqtfz,zy

(sup  e-'(l-(l-e)x)2W
Ve(0.l] /

The   upper   bound   exists   since   limt_»0e   (1 - (1 - e) )  = 0.   Denote

"»P.6(o,i)«',(i - 0 - *)X)2 fey Cl Hence |(7 - (7 - c/)Bq\ <Cn,q~ n,
n + I,.... Note in passing that CA -* co as X -» co.

For X > 0, q > n, define

q-n+h / \

^xW-   2n (l//!)( sup \\Wi(t)\\)s'
* '-0 VreO,Xl /

q-n+h

i[0.X]

for all I > 0. Note that 9¡¡}(0) - sup,6[ox]||W/.(0||, / = 0, 1,..., q - n + h.
From the fact that

%(/) = (/ - Gq)' l/«(0) + /J rf(/ - 6^ • M^J^HO))

for 0 < t < X, it follows that

K(0ii < ii^^n+ c>w*x.**a.^))(,"n)(°)

for 0 < r < X. As in the proof of Theorem 3, denote by g the function so that

*(0- 2 (i//OI|i/(,)(o)||//.     |/|<p(í/).

Denote by 5 a small enough positive number so that there is a unique

function yx  on   (-5,5)   so   that  (yK(0),y'n(0),... .^(O)) - (\\U(0)\\,

||i/'(0)ll,...,l|t/(''-1)(0)ll)and

y{"\x) - g(x) + CKF(x,yn(x),y'K(x)./»(x)),       \x\ < 8,

where F is as in the proof of Theorem 3. It follows by induction that

suP»e[0,x]IK(')ll < y{ (Q)> ? = 0, 1, 2.Since there is a positive number
5' and a number mQ so that

2 (l/iOjf^Oy < m0   if 0 < s < 5'
/'=0

it follows that

2 (l//!)lk,(/)||i'' <m0,       0 < s < 5',       0< r < X.
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Define (K(X)U)(x) as the member of H (a) so that

(K(X)U)(x) = 2o(1/«!)h<(X)x\       ||x|| < 8'.

For X > 0, q E Z+ denote

sup{||(/(/fc)---y(/1)t/)(9)(0)|||x e z\ti > o,i = i,...,k,

i, + --« + fft<X)   by*f(X).

From    the    formula    for    (J(tk)---J((x)U){k)(0): X_(X)< ||i/{?)(0)||

+ Cx{F(j,\,iq.r,W))(?-n)(0) where v(i) = 2?!^  O/'OW*'- «H
j > 0. For v as above, it follows by induction that A^(X) < y%'(0), q — 0, 1,

2.
Hence the following is true: If Xq > 0, e > 0 there are 5', 5 > 0 such that

if 0 < X < X0, k E Z+, 8 > t¡ > 0, / = 1.k, /, + ••• + tk - X, 0 < s
< fi', then

S (l/iOIK/ifc) • • • A«i)^)W(0) - (K(X)U){q)(0)\\sq < e.
9-0

A special case of this is the fact that if X > 0, then (J(X/n))n U converges to

K(X)U E H (a) as n -» oo, the first conclusion to Theorem 4.

The second conclusion is shown by induction. From the first part of the

argument, if U E H(a),

(K(X)u)(q)(o) - (/ - g,)x¿y«(o) + /ox d(I - g/-j(a ■ MqXf^l(0))

X > 0, q - n, n + 1.Note that if ß, y > 0, then (K(ß)K(y)U)(q)(0)
= t/w>(0) = (K(ß + y)ujq)(0), q - 0, 1.n - 1 so

/a(j8)X(y)í/(°) " /a-(j8+y)1/(°)-

Suppose that ?£Z+ and (K(ß)K(y)U)(i)(0) = (K(j8 + i)uf](0), i

= 0,l,...,q-l,ß,y>0. Then /i^(r)(/(0) = /¿ftíy)l/(0), A Y > 0.
Hence

(a:(/?)*(y)î/)(?)(o) - (/c(^)(â-(y)c/))(9)(0)

- (/ - Gq)ß(K(y)ujq)(0)

+ If d« - G/-HA - M¿¿fcfmu(0))
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= (/ - Gqf[(I - GqfU^(0) +/oY d(I - GqT'(i    SÇjjfcîUo))]

+ fQPd(I-G/-JA-MqLxnfKq{jíy)u(0)

= (7 - c/+* 1/W + /J d(I - Gqf+ß-J(A • AÇ^(0))

+ //+Y d(I - Gqr^(A . A/^/itó(0))

- (*(/» + y)i/)W(0),      ß, y > 0.

Hence T^jS + y)t/ - K(ß)K(y)U for all ß,y>0,UE H(a).

Proof of Theorem 5. Suppose ¡7 G 7/(o). To show (a) is true, recall that

if X > 0, (K(X)U)iq)(0) - t/fyo), a - 0, 1.n-l, and

(K(X)U)(q)(0)

- (/ - Gq)X I/M(0) + /0X 4/ - ty W« • W¿4$(0))

= (7 - G9)V*>(0) + ¿ • A/fl-_l,/oX ¿(7 - ^.^^(/^¿(O)).
q — n,n+ I,.... Using Lemmas 3, 4, and 5 one has inductively that if

r¡ - í/(,)(0), i = 0, 1.n - 1 and q E Z+, q > n, then

lim (K(X)U)lq)(0) = I/(?)(0) - A • A/-^i/(9)(0)
X—»oo

-M • AC¡,¿(¿ • Mq-JAq-n)(0))

- l/(«)(0) - ¿ • iM£,¿l/M(0) +^ • AÇ-Uir"^0) * r<¡

where Z?(x) - SO OAO'5*' for all * G Em.
For ? G Z+, ? > n, X > 0,

A((K(X)U)iq)(0)) =A((I- Gq)X i/)(?)(0)

+ fQXd(I-Mq.f-J(fi%i(0)).

Define Won [0, co) so that W(X) = A((K(X)U){n)), X > 0, and note that if

q G Z+, o > n, then

(K(t)U)iq)(0) = [(7í(í)í/)(9)(0) - A • A/9-J„/l((7i(Ot/)(fl)(0))]

-M • M^((K(f)i/)(?)(0))

- zw(o) + aíWO^o)), />o



AN ITERATION METHOD FOR DIFFERENTIAL EQUATIONS 387

where Z E H (a) so that Z(?)(0) = Uiq)(0), q - 0, 1.n - 1, Ziq)(0)

m U{q)(0) - A ■ MqZxnAU{q)(0), q - «, n + 1,\... Use was made of the

following important fact: If t > 0, then

(K(t)U){<l)(0) - (/ - G,)' 1/^(0) + ^ • aV-j,*,

0 = /o' ¿(/ - Mq.nrJ(fK\j%(0)), (K(i)U)(q)(0)

-a • Mämw)®®))

= (I-Gq)'uM(0) + A-MqZx„9

-A • AÇl^i/ - Gq)'uM(0) - A • Mq_\A(A ■ Mq_\9)

= (/ - G,)' i/(?)(0) - ^ - AÇ.^(/ - Gq)' Ulq)(0)

- (/ - G^l/^O) - ^ • |C¡¿ £/W(0)]

= (/-G,)W/-G/t/<*>(0)

- lim(/-Gji+'i/<')(0)

- lim (/ - Gj'í/^O) = U{q)(0) - A ■ MT}nAU{q)(0) = Z(*>(0)
S—»00 " *

using Lemma 4. Hence

(K(t)U)iq)(0) = Z(q)(0) + BqW(t){q'n)(0),

i.e. K(i)U - Z + *W(0, * > 0. Therefore,

WX^ÍO) = (/- M9_fl)X(^í/^(0))

+ C d(I - Mq_f-\f£?wij)(0)),

q - n,n+ 1.X > 0.

Define tj E // so that ijí«"")(0) = AU(q)(0), q = n, n + I.Suppose
s > 0. Then

ll^)(?)(0)|| < ||,W(0)|| +   sup 11/^^^(0)11
0<f<j

q * 0, 1, 2.so that if X > 0,
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sup \\W(s)(q)(0)\\ < ||,W(0)|| +   sup    sup VÜBm<P)l0<i<X 0<i<X0«O w*

i.e.,

sup HFK(*)W<0)|| < lhW(0)|| +   sup ||/ÍÍb^)(0)H-
0<í<X 0<i<X    ^""W

UgEH,0<t< p(g), then \\g\[ denotes 2£0 (l/fl)ll*(')(0)||»J.
Denote by F the function which relates to/as in Lemma 1. Then for any

gEH,qEZ+,q>n, \\füBg(0)\\ < (F(*,))W(0) where * - (*,,,.

%,h+l) anc* for / = 2.h + 2,

%j - ll(Z + Fg)(/-2) ||, < ||Z('"2> IL + ||(7ig)(í-2) It

- ||z<<-2>||, + |n ((r_/+2)1)M • H-U^WB^'*2

<i[z^+^+2|.(^)((o7((r-,+2),,,(i,"',+i)))
||gfr-">(0)Hr'-" < ||z<'-2>||, + a"-,+2||g||„   o < t < p(z), p(g)

where C is a number so that

c>(«) Ab-i + 2)m"to-n + M     ? = «.« + !.

(see [5, §5]). In the above the fact was used that if w E S(m, r - n), then

IM • A/r-->ll2 < <H"Î,"."> < (¡,)lw|2' (sce [4])-

Take *i„(0 = t, for all numbers t. Hence,

IIWl- 2(l/?!)ll/&Ä(0)||r'
Î-0 "

<  2 (l/q\)(F(*g)){q)(0)t
00

2
?-0

= (F(*g))(0,       0 < / < p(Z), p(g).

Suppose X > 0. Define CK(t) = 2fl°°-0 O/?0supo<I<x|| Wi^O)!!*' for all t
for which this converges (that it converges for some t > 0 follows from the

argument for Theorem 4).

Note   that   \\fz+Bm(0)\\ < (F(*m¡)))(q)(0) < (F($))(?)(0)   where   S>
- (•,.*A+2)> *,« - liz(/~2)ll, + Ct"-i+2Cx(t),0</ < P(cx),p(z('-2>),



AN ITERATION METHOD FOR DIFFERENTIAL EQUATIONS 339

ii = 2, ..., h + 1, í»,(r) - t, all r. From the fact that

sup \\W(s)iq)(0)\\ < ||,«(0)|| +   sup \\F¡qím¡)(0)\\,
0<í<X 0<s<X    ^""W

it follows that

sup ||lf(j)(?)(0)|| < ||r/*>(0)|| + (F(*))w(0)
0<j<X

and so

q(f) = 2 (i/?!) sup \\w(s)iq\o)\\tq
Î-0 0<i<X

< \k\[ + 2 (W)F(^q)(0)tq
?-0

- hi + (W)«
»Ihll, + F(t,a>2(t).*B+2(0)

- hi], + F(t, \\z\\ + a"cx(t), llz'H, + crx cx(t),. • -,

||z«||, +ct"-"cx(t)),

0 < t < p(F($)).

Denote by ß, y two positive numbers so that if aQ(r,x0,x,,... ,xA) — (t, \\Z\{

+ t*"\, IIZ'II, + tn~2xx.IIZ^H, + tn-h-xxh), 0 < / < ß 0 < x, < y, /
= 0, 1.h, then 2"=o O/tfOi^ß))   (0>? converges. Define

rt,x) - hi + F(/,||z||, + rxx,\\z\ + /"-2x,...,||zM||, + r"-lx),

0<t<ß,0<x<y.

By Lemma 6, there is L > 0 so that if 0 < L' < L and p is a nonnegative

continuous function on [0,L'] so that p(t) < <j>(t,tn(t)) for all / E [0,L'], then

p(/)<<i>(0,0)+U E[0,L'].
Suppose X > 0. Then Cx(t) < <b(t,tCx(t)) for all t in some interval [0,L'], 0

< L' < L. Hence Cx(t) < <b(0,0) + I for t E [0,L']. Since Cx is increasing

and continuous on its domain (all / > 0 such that its power series about 0

converges), the assumption that Cx does not have the property that its domain

includes [0,L) and Cx(t) < <i>(0,0) + 1 for all / E [0,L] leads to a contradic-

tion. This gives \\W(X)\[ < <p(0,0) + 1 ■ m0 for all X > 0, / E [0,L]. This
implies that there is m' > 0,

'    \\K(X)U\\t <m\       X > 0,   0 < t < L0, p(U).
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This together with the fact that (K(X)U)^\o) converges as X -» co, q = 0, 1,

2,\.., gives that there is F G H (a) so that K(X)U -* Y as X -* co. This

concludes a proof to part (a) of the theorem.

Note that F(?)(0) = rq, q = 0, 1,2, ..., where r0, rx,r2,... are defined

inductively early in the proof of this theorem.

Now part (b) is demonstrated.

For Z G 77(a), define QZ E 77(a) so that

(QZ)(x) = "2 (¿)zM(0)*» + 5 (I)((7 - G,)Z^(0))^,
n-\
\

1'

IMI < p(z)

and for Z E H, define

(^Z)W = 2 (i)04 • Z(q-"\0))xq,       \\x\\ < p(Z).
q—n \H' /

Then TZ = QZ + Vfz, Z E H (a). By induction,

TkU=QkU + 2 ß'K/^-Mt/,      Â: = 1, 2.
/-o

Define W. - A(Tk U)(n), k - 1, 2.Then for k,q E Z+,q> n,

(TkU){q)(0) - (7 - G/l/(')(0) + *2 (/ - G,)'^ -/^„(O)

- (7 - G/i/('>(0) + *2 ,4 • (7 - A/^j'/^yiO)
/—0

and so

W¿q-n\0) = (7 - A/^)^ l/W(0)+ *2 Mq_n(I - M^JfjVÄ^).

As in part (a),

TkU = Z + 5W£.

Since 2f-"o1 ̂9-na - Mq_J = 7 - A//_„ and 0 < 7 - Mk_n < I, k m I, 2,
..., it follows that

||rç(«-">(0)|| < \\AU^m\ +      sup      11/^^(0)11,     q - n, n + I, ...
i—l, ...,¿-1

and hence
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llrç(?)(0)l| < hiq)(0)\\ +      sup.     11/1^(0)11,
/-l.*-i

q = 0,1,2, ...,k = 1,2,..., with tj as in part (a).

That there are m0, L0 > Oso that || Wk ||, < mQ, k = 1,2,...,/ E [O.LrJis

proved essentially as the corresponding fact in part (a). Similarly, there is

m' > 0 so that \\TkU\[ < rri, 0 < t < L0l, p(U).

Observe that

(TkU)(q)(0) - (/ - Gq)kU<q\0) + *2 (/ - GqÍ A >jjCÄ(Q)

- (/ - g/í/^ío) + 2^ • (/ - ^.j'/^ko)

-» t/W(0) - A ■ Mq-_[AUiq)(0) + A • Mq-Jttf}q-"\0)

as x -* oo, inductively on q, since

K (/ " Mq~n)i ~ Mq}" " Mq-"{1 " *W* ""* V«   « * - ».

9 ™ «, n + 1,....

This convergence, together with the boundedness of {llF^i/H,}*., for some

t > 0, gives that part (b) is true. Note that part (b) implies Theorem 1.

Now to demonstrate part (c). For X > 0,

J(X)U - L(X)U +(I- L(X))BfJ{x)u.

Hence   for   each   q E Z+, (J(X)U)(q)(0) = L(X\U{q)(0) + (I - L(X)q)A

• Mq-.XJjt)"J(0) and

\\A(J(X)U){q)(0)\\ < \\AI/M(0)\\ + \\fj%í(0)1

Define W(X) = A(J(X)ufn) and take tj and Z as in parts (a) and (b). Then

l|W(X)(9)(0)|| < llu^ll + ||/i?+W(x)(0)ll-

By an argument similar to those in parts (a) and (b) (but simpler since one

has ||/z(íi)^x)(0)ll on the right-hand side instead of sup0<JC<x||/z(^fl(f,(jt)(0)||

in part (a) or sup/=,.k_x ll/z+WX0)!! in part (b)) one arrives at the fact that

there is L0, m0 > Oso that || W(X)\[ < m0, 0 < / < L0, X > 0. This leads to

the existence of / > 0 so that {\\J(X)U\[}x->0 is bounded. Since
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L(X)q £/(9)(0) -+ C/(?)(0) - A • Mq\ U{"\j)   as X -^ co

and

(7 - L(X)q)A ■ Mq_\r -» A • Mq}nA(A ■ Mq_\r) - A ■ M¿nr

as X -* co, r G S(m, q — n),

it follows by induction on q that (J(X)U)(q)(Q) -* t/(?)(0) - A

• M'^AU^HO) + A ■ Mq\fY<-n) as X -* co, q = n, n + 1.This, togeth-

er with the boundedness of {IU(X)i/||,)x>0, gives part (c).

5. Epilogue. Note that if U E 77(a), then Y of Theorem 5 has the fallowing

property:
y(?)(0) = />)(()), q « 0, 1,..., n - 1, and Y{n)(0), Y(n+X)(0), ... can

be defined inductively as follows:

If q E Z+, q > n, then F(?)(0) is the elemtnt. w of S(m,q) satisfying:

||l/(9)(0) - w|| is minimum over all w E S(m,q) so that Aw = f^~"\o)

where

Yq_x(x) = 2 (1A!)Î/(,)(0)V + 2 (l/fOr^iO)**,   x G Em.
i"0 /—«

The problem of solving for h> G S(m,q) such that /lw =/y (0) is

essentially an underdetermined consistent linear system. In the Cauchy-

Kowalewski method, noncharacteristic initial conditions are used to add

equations so that the resulting linear system has a unique solution. In the

present method the minimization breaks the impasse concerning the underde-

termined system.

This allows Y to take on some of the character of U in a manner natural to

the problem at hand. It is expected (and has beer- pointed out in examples in

[3] and [5]) that a study of the correspondence: U -* Y will yield in some

instances appropriate (and perhaps new) boundary conditions in a general

sense.

It is mentioned in closing that the present point of view seems to apply in

substantial instances to systems of nonlinear equations and to more fully

nonlinear problems: problems of finding U so that

f(x,U(x),U'(x),...,UM(x)) = 0

for all x in some region of Em, f from Em X 7? X S(m, 1) X • • • x S(m, n) to R.

Formal power series solutions of many such equations are in hand but the

convergence problems seem to this writer to be particularly difficult.
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